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Lqvwlwxwh ri Hfrqrplfv dqg HSUX/
Xqlyhuvlw| ri Frshqkdjhq/ GN
mdfreChfrq1nx1gn
Iheuxdu| 5335
￿Zh wkdqn dqrq|prxv uhihuhhv iru lqvljkwixo frpphqwv1 Wkh sdshu kdv dovr ehqh￿whg iurp
frpphqwv dqg vxjjhvwlrqv e| Mhdq Sdvfdo Ehqdvv|/ Ulfkdug Glvqh|/ Mhdq Plfkho Judqgprqw/
dqg Ndod Nulvkqd1 Pduwd Dorl zrxog olnh wr wkdqn wkh Eulwlvk Dfdghp| iru ￿qdqfldo vxssruw1
Kdqv Mßujhq Zklwwd0Mdfrevhq zrxog olnh wr wkdqn Ghsduwdphqw g*Hfrqrpld l Hpsuhvd/ Xqlyhu0
vlwdw Srpshx Ideud/ Edufhorqd iru krvslwdolw| gxulqj wkh shulrg zkhuh wkh sdshu zdv ￿qlvkhg1
Whuhvd Oor|g0Eudjd dqg Pduwd Dorl zrxog olnh wr wkdqn wkh Hfrqrplf Srolf| Uhvhdufk Xqlw ri
Frshqkdjhq Xqlyhuvlw| iru vxssruw dqg krvslwdolw|1
|Fruuhvsrqglqj dxwkru= Kdqv Mßujhq Zklwwd0Mdfrevhq/ Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw|
ri Frshqkdjhq/ Vwxglhvwudhgh 9/ GN04788 Frshqkdjhq N/ GHQPDUN1 Who1 . 78 68 65 63 631
4Devwudfw
Zh vwxg| wkh hhfwv ri vw|ol}hg vfdo srolf| uxohv rq wkh +joredo, ghwhuplqdf| ri
udwlrqdo h{shfwdwlrqv htxloleulxp lq d shuihfwo| frpshwlwlyh prqhwdu| prgho zlwk
frqvwdqw uhwxuqv wr vfdoh dqg oderu dv wkh xqltxh lqsxw1 Jryhuqphqw vshqglqj rq
wudqvihuv dqg2ru ghpdqg lpsolhv d glvwruwlrq ri wkh prqhwdu| vwhdg| vwdwh gxh wr
wkh lpsolhg lqfrph ru lq dwlrqdu| wd{dwlrq1 Zh vkrz wkdw srolf| uxohv iru zklfk
wkh JQS vkduh ri jryhuqphqw vshqglqj ghshqgv vx!flhqwo| qhjdwlyho| rq lqfuhdvhv
lq JQS fdq vwdelol}h wkh hfrqrp| zlwk uhvshfw wr hqgrjhqrxv  xfwxdwlrqv iru dq
duelwudulo| vpdoo ohyho ri glvwruwlrq ri wkh vwhdg| vwdwh dw zklfk vwdelol}dwlrq rffxuv1
Wkhvh srolf| uxohv gr qrw lqyroyh ihdwxuhv vxfk dv srvlwlyh oxps vxp wd{dwlrq/
qhjdwlyh lqfrph wd{dwlrq/ ru h{dfw nqrzohgjh ri wkh hfrqrp|*v odlvvh} idluh vwhdg|
vwdwh1
MHO Fodvvlfdwlrq= H65 dqg H961
Nh|zrugv= Hqgrjhqrxv exvlqhvv f|fohv/ vwdelol}dwlrq srolf|1
Uxqqlqj wlwoh= Hqgrjhqrxv Ioxfwxdwlrqv dqg Vwdelol}dwlrq Srolf|
54 Lqwurgxfwlrq
Wkh suhvhqw sdshu lv frqfhuqhg zlwk vfdo srolf| lq frqqhfwlrq zlwk vwdelol}lqj frp0
shwlwlyh hqgrjhqrxv  xfwxdwlrqv1 Vwdqgdug hfrqrplf prghov edvhg rq lqwhuwhpsr0
udo rswlpl}dwlrq dqg udwlrqdo h{shfwdwlrqv pd| jlyh ulvh wr erxqghg htxloleulxp
 xfwxdwlrqv gulyhq e| vhoi0ixooolqj yrodwloh h{shfwdwlrqv zlwkrxw dq| lqwulqvlf xq0
fhuwdlqw| ehlqj dvvxphg1 Lw lv qdwxudo wr dvn krz ydulrxv sulqflsohv iru jryhuqphqw
vwdelol}dwlrq srolf|/ nqrzq e| wkh hfrqrplf djhqwv/ zloo dhfw wkh rffxuuhqfh dqg
surshuwlhv ri vxfk hqgrjhqrxv  xfwxdwlrqv dqg wr dvn zkdw duh wkh prvw dssur0
suldwh srolflhv iru vwdelol}dwlrq1 Wkhvh duh wkh nlqg ri txhvwlrqv dgguhvvhg lq wkh
suhvhqw sdshu dv zhoo dv lq vrph uhodwhg frqwulexwlrqv wr eh uhihuuhg wr ehorz1
D frqvlghudwlrq wkdw glvwlqjxlvkhv wkh suhvhqw sdshu lv= Vlqfh vwdelol}dwlrq srolf|
lv frqfhuqhg zlwk plwljdwlqj yduldwlrqv lq hfrqrplf dfwlylw| ryhu wlph lw lv d qdwxudo
lghd wr dvvxph wkdw wkh jryhuqphqw zloo ohw lwv vwdelol}dwlrq hruw ghshqg rq fkdqjhv
ryhu wlph lq hfrqrplf dfwlylw|1 Wkhuhiruh zh frqvlghu srolf| uxohv zklfk olqn wkh
JQS vkduh ri jryhuqphqw vshqglqj/ dqg wkh lpsolhg wd{dwlrq/ wr wkh udwh ri fkdqjh
lq JQS +lq frqwudvw wr wkh ohyho ri JQS,1
Zh vkrz/ lq d vwdqgdug prqhwdu| prgho/ wkdw e| dsso|lqj d vfdo srolf| uxoh
zlwk wklv ihdwxuh wkh jryhuqphqw pd| holplqdwh hqgrjhqrxv  xfwxdwlrqv dqg vwd0
elol}h wkh hfrqrp| duelwudulo| forvh wr lwv odlvvh} idluh prqhwdu| vwhdg| vwdwh zklfk
lv d Sduhwr rswlpxp1 Wkh f|folfdolw| ri wkh srolf| dfklhylqj wklv lv wkdw wkh JQS
vkduh ri jryhuqphqw vshqglqj vkrxog eh uhodwlyho| orz lq shulrgv xs wr zklfk JQS
kdv lqfuhdvhg e| d uhodwlyho| odujh dprxqw1 Wklv pd| udwlrqdol}h d whqghqf| e|
srolf| pdnhuv wr sxqlvk wrr udslg hfrqrplf h{sdqvlrq1
Zh frqvlghu d vlpsoh prqhwdu| ryhuodsslqj jhqhudwlrqv prgho zlwk shuihfwo|
frpshwlwlyh pdunhwv zkhuh oderu lv wkh xqltxh lqsxw lq wkh surgxfwlrq ri d vlqjoh
4rxwsxw/ whfkqrorj| h{klelwv frqvwdqw uhwxuqv wr vfdoh +qr h{whuqdolwlhv,/ dqg wkhuh
duh qr ixqgdphqwdo/ ru lqwulqvlf/ xqfhuwdlqwlhv1 Wkhuh lv d jryhuqphqw wkdw pd| sd|
oxps vxp wudqvihuv wr wkh rog frqvxphuv1 +Dowhuqdwlyho| uhdo jryhuqphqw vshqglqj
fdq eh lqwhusuhwhg dv d ghpdqg iru rxwsxw li sulydwh dqg sxeolf frqvxpswlrq duh
dvvxphg wr eh shuihfw vxevwlwxwhv,1 D srolf| uxoh lv fkdudfwhul}hg e| wzr sdudph0
whuv1 Rqh +fdoohg q, lv wkh JQS vkduh ri jryhuqphqw vshqglqj zkhq wkh JQS lv
frqvwdqw1 Wkh rwkhu +k, lv wkh hodvwlflw| ri wkh JQS vkduh ri jryhuqphqw vshqg0
lqj zlwk uhvshfw wr wkh jurzwk idfwru ri JQS iurp wkh suhfhglqj wr wkh fxuuhqw
shulrg1 Jryhuqphqw vshqglqj lv qdqfhg hlwkhu e| sursruwlrqdo lqfrph wd{dwlrq ru
e| vhljqlrudjh/ wkh odwwhu ohdglqj wr lq dwlrqdu| wd{dwlrq1 Wkh h{dfw pl{ grhv qrw
pdwwhu vlqfh gluhfw sursruwlrqdo dqg lq dwlrqdu| wd{dwlrq zrun lq wkh vdph zd|
lq wkh prgho frqvlghuhg1 Khqfh/ {lqj wkh JQS vkduh ri jryhuqphqw vshqglqj lv
htxlydohqw wr {lqj wkh wd{ udwh dqg ohw vshqglqj eh ghwhuplqhg e| exgjhw edo0
dqfh/ dqg frqvhtxhqwo| wkh srolf| uxohv vwxglhg fdq dowhuqdwlyho| eh lqwhusuhwhg dv
edodqfhg0exgjhw uxohv iru wkh wd{ udwh1
Dprqj wkh prgho*v udwlrqdo h{shfwdwlrqv htxloleuld wkhuh lv dozd|v d prqhwdu|
vwhdg| vwdwh/ exw lq fdvh ri lqghwhuplqdf| ri udwlrqdo h{shfwdwlrqv htxloleulxp wkhuh
zloo dovr eh hqgrjhqrxv  xfwxdwlrqv/ ghwhuplqlvwlf f|fohv dqg2ru vxqvsrw htxloleuld
uhodwhg wr h{wulqvlf xqfhuwdlqw|1 Dffruglqj wr vxfk hqgrjhqrxv  xfwxdwlrqv/ rxwsxw
 xfwxdwhv ehfdxvh ri yduldwlrqv lq oderu vxsso| gulyhq e| vhoi0ixooolqj yrodwloh/
ghwhuplqlvwlf ru vwrfkdvwlf/ h{shfwdwlrqv1 Rxu pdlq uhvxow fdq eh vwdwhg vkruwo|= Iru
dq| q:f / qr pdwwhu krz vpdoo/ d vx!flhqwo| odujh k zloo lpso| joredo ghwhuplqdf|1
Lq rwkhu zrugv/ e| ohwwlqj jryhuqphqw vshqglqj ghshqg vx!flhqwo| qhjdwlyho| rq
lqfuhdvhv lq JQS lw lv srvvleoh wr vwdelol}h wkh hfrqrp| dw d prqhwdu| vwhdg| vwdwh/
zkloh kdylqj wr dffhsw rqo| dq duelwudulo| vpdoo glvwruwlrq/ lpsolhg e| wkh udwh ri
wd{dwlrq q/ ri wkdw vwhdg| vwdwh1 Vxfk vwdelol}dwlrq kdv jrrg zhoiduh hhfwv1
5Lq rxu looxvwudwlyh prgho wkh frqglwlrq iru lqghwhuplqdf| xqghu odlvvh} idluh/ lp0
so|lqj wkh h{lvwhqfh ri hqgrjhqrxv  xfwxdwlrqv/ lv wkh rqh zhoo0nqrzq iurp/ h1j1
Judqgprqw +4<;8,/ wkdw zhdowk hhfwv grplqdwh vxevwlwxwlrq hhfwv lq lqwhuwhpsr0
udo fkrlfh wr d ghjuhh vr wkdw oderu vxsso| kdv dq hodvwlflw| zlwk uhvshfw wr wkh uhdo
zdjh ohvv wkdq plqxv rqh kdoi1 Zh kdyh wkxv fkrvhq wr ghulyh rxu uhvxowv iurp d
vlpsohvw srvvleoh prgho iru zklfk wkh frqglwlrq iru hqgrjhqrxv  xfwxdwlrqv xqghu
odlvvh} idluh pd| qrw eh wrr uhdolvwlf +zh prwlydwh wklv fkrlfh ehorz,1 Lq Vhfwlrq 7/
lq frqqhfwlrq zlwk jlylqj wkh lqwxlwlrq iru rxu uhvxowv/ zh h{sodlq wkdw wklv frqgl0
wlrq lv qrw lpsruwdqw iru rxu uhvxowv1 Edvlfdoo| wzr ihdwxuhv/ zklfk duh lq sduwlfxodu
ihdwxuhv ri rxu looxvwudwlyh prgho/ lpso| wkh rxwsxw vprrwklqj/ ru vwdelol}lqj/ hhfw
ri d jurzwk sxqlvklqj srolf|= Rqh lv wkdw oderu vxsso| lv uhodwlyho| vhqvlwlyh wr
fkdqjhv lq oxps vxp wudqvihuv frpsduhg wr fkdqjhv lq wkh qhw ri wd{ uhdo zdjh1
Wkh rwkhu lv wkdw fxuuhqw oderu vxsso| lv vxevwdqwldoo| dhfwhg e| ixwxuh wudqvihuv/
d ihdwxuh olqnhg wr wkh prqhwdu| vwuxfwxuh ri wkh frqvlghuhg prgho1 Qrqh ri wkhvh
ihdwxuhv ghshqg rq wkh shuyhuvh vorsh ri wkh oderu vxsso| fxuyh1
Wkh suhvhqw sdshu lv uhodwhg wr wkh +hduo|, frqwulexwlrqv ri Judqgprqw +4<;9,/
Iduphu +4<;9,/ Uhlfkolq +4<;9,/ Jrhqnd +4<<7,/ Vlpv +4<<7,/ dqg Zrrgirug +4<<7,/
zklfk dovr vwxg| wkh hhfwv ri ydulrxv srolflhv rq hqgrjhqrxv  xfwxdwlrqv1 Wkh
forvhvw uhodwlrqvkls lv wr Judqgprqw +4<;9,= D sduwlfxodu fdvh ri wkh srolf| uxohv
zh frqvlghu/ zkhuh jryhuqphqw vshqglqj lv dozd|v sursruwlrqdo wr fxuuhqw JQS
+fruuhvsrqglqj wr k 'f ,/ lv htxlydohqw wr duudqjlqj vshqglqj vxfk wkdw/ lq wkh
devhqfh ri gluhfw lqfrph wd{dwlrq/ d frqvwdqw prqh| jurzwk udwh uhvxowv1 Judqg0
prqw vwxglhv vxfk frqvwdqw prqh| jurzwk uxohv1 Klv pdlq qglqj lv wkdw/ xqghu
klv dvvxpswlrqv rq ixqgdphqwdov/ frqvwdqw prqh| jurzwk uxohv zloo vwdelol}h wkh
hfrqrp| dw d prqhwdu| vwhdg| vwdwh li wkh prqh| jurzwk udwh/ ru rxu q/l vv x ! 0
flhqwo| odujh lpso|lqj d fruuhvsrqglqjo| odujh glvwruwlrq ri wkh vwhdg| vwdwh1 Rxu
6uhvxowv vwdqg lq vrph frqwudvw vlqfh zh hpskdvl}h vwdelol}dwlrq iru d vpdoo ghjuhh
ri glvwruwlrq/ zklfk lv d ehwwhu vwdelol}dwlrq lq whupv ri zhoiduh1 Zh dovr vkrz wkdw
frqvwdqw prqh| jurzwk uxohv duh rqo| rxwsxw vwdelol}lqj xqghu vrph dvvxpswlrqv
rq ixqgdphqwdov/ xqghu rwkhu wkh| duh ghvwdelol}lqj1
Rxu zrun lv dovr uhodwhg wr wkh +uhfhqw, sdshuv Vfkplww0Jurkh dqg Xuleh +4<<:,/
Jxr dqg Odqvlqj +4<<:, dqg +4<<;,/ dqg Fkulvwldqr dqg Kduulvrq +4<<<,14 Wkhvh
sdshuv vwxg| uhdo +qrq0prqhwdu|, prghov zlwk fdslwdo dffxpxodwlrq1 Lq wkh odwwhu
wkuhh sdshuv surgxfwlyh h{whuqdolwlhv fuhdwh wkh phfkdqlvp iru hqgrjhqrxv  xfwx0
dwlrqv xqghu odlvvh} idluh dqg wkh qglqj lv wkdw vfdo srolf| uxohv/ dffruglqj wr
zklfk wkh wd{ udwh/ ru wkh JQS vkduh ri jryhuqphqw vshqglqj/ ghshqgv srvlwlyho|
rq wkh ohyho ri JQS ru hpsor|phqw/ fdq fuhdwh +vrphwlphv orfdo, ghwhuplqdf|1
Vfkplww0Jurkh dqg Xuleh +4<<:, qg wkh uhodwhg uhvxow wkdw d frxqwhuf|folfdo uxoh
iru wkh wd{ udwh ru vshqglqj vkduh pd| lwvhoi fuhdwh lqghwhuplqdf|1 Vlqfh wkh srolf|
uxohv zh qg vwdelol}lqj frqglwlrq wkh JQS vkduh ri jryhuqphqw vshqglqj/ ru wkh
wd{ udwh/ rq wkh udwh ri lqfuhdvh lq JQS/ qrw rq wkh ohyho ri JQS/ wkhlu dqg rxu
uhvxowv duh qrw gluhfwo| frpsdudeoh1 Qhyhuwkhohvv/ wkh idfw wkdw zh qg vxssruw iru
d qhjdwlyh ghshqghqfh ri wkh wd{ udwh rq wkh udwh ri jurzwk lq JQS/ zkloh wkh| qg
vxssruw iru d srvlwlyh ghshqghqfh ri wkh wd{ udwh rq wkh ohyho ri JQS ru hpsor|0
phqw vxjjhvwv wkdw wkh f|folfdolw| ri dssursuldwh vwdelol}dwlrq srolflhv ghshqgv rq
wkh prgho frqvlghuhg dqg2ru rq wkh phfkdqlvp fdxvlqj hqgrjhqrxv  xfwxdwlrqv1
W k hp rg h oz hv w x g |l vv l p s o hh q r x j kw rj l y hdrqh0glphqvlrqdo/ uvw rughu glhu0
hqfh htxdwlrq dv wkh shuihfw iruhvljkw htxloleulxp g|qdplfv1 Wklv pdnhv lw srvvleoh
wr hvwdeolvk hqrxjk joredo surshuwlhv wr eh deoh wr xvh joredo ghwhuplqdf| dv fulwh0
ulrq iru vwdelol}dwlrq1 Joredo dqdo|vlv lv ri lpsruwdqfh iru h{foxglqj wkh srvvlelolw|
4Rwkhu sdshuv vwxg|lqj dvshfwv ri srolf| vwdelol}dwlrq ri hqgrjhqrxv  xfwxdwlrqv duh Erogulq
+4<<5,/ Hydqv dqg Krqndsrkmd +4<<6,/ Fkdwwrsdgk|d| +4<<9, dqg +4<<<,/ Fu￿v/ Jkljolqr/ dqg
Wyhgh +4<<:,/ Dxvwlq +4<<<,/ Jxr dqg Kduulvrq +5333,1
7ri f|fohv dqg vxqvsrw htxloleuld/ vlqfh orfdo ghwhuplqdf| lv qrw d vx!flhqw frqglwlrq
iru wkh qrq0h{lvwhqfh ri hqgrjhqrxv  xfwxdwlrqv1 Zlwk wzr0glphqvlrqdo g|qdplf
v|vwhpv lw lv yhu| gl!fxow wr surylgh pruh wkdq orfdo dqdo|vlv1 Wklv prwlydwhv rxu
fkrlfh ri vwxg|lqj d vlpsoh prgho zlwkrxw fdslwdo1
Lq Vhfwlrq 5 zh ghvfuleh wkh edvlfv ri wkh hfrqrplf prgho dqg wkh fodvv ri srolf|
uxohv zh frqvlghu1 Vhfwlrq 6 ghulyhv wkh htxloleulxp g|qdplfv/ dqg Vhfwlrq 7 vwdwhv
wkh uhvxowv rq vwdelol}dwlrq e| wkh frqvlghuhg srolf| uxohv1 Vhfwlrq 8 frqfoxghv1
Surriv duh jlyhq lq Dsshqgl{ D1 Dsshqgl{ E frqwdlqv d whfkqlfdo uhvxow wkdw lv ri
lpsruwdqfh iru rxu sxusrvhv1
5W k h P r g h o
Zh frqvlghu dq ryhuodsslqj jhqhudwlrqv prgho zlwk prqh| dv wkh rqo| dvvhw dqg qr
ixqgdphqwdo xqfhuwdlqw|1 Lq hdfk shulrg wkh frpprglwlhv duh oderu/ rxwsxw/ dqg
prqh|1 Wkh prqh| sulfhv ri oderu dqg rxwsxw lq shulrg | duh | : f dqg R| : f
uhvshfwlyho|/ dqg oderu dqg rxwsxw pdunhwv duh shuihfwo| frpshwlwlyh1
514 Ilupv dqg Krxvhkrogv
Lq hdfk shulrg d uhsuhvhqwdwlyh up surgxfhv rxwsxw +|  f iurp oderu lqsxw ,|  f
xqghu frqvwdqw uhwxuqv wr vfdoh/ +| ' ,|1I r uR |	 |wkh surw pd{lpl}lqj vxsso| ri
rxwsxw lv }hur/ iru R| : |lw lv lqqlwh/ dqg iru R| ' | d q |r x w s x wl vd qr s w l p d o
vxsso|1 Dv wkh ghpdqg iru rxwsxw lv qrq0}hur dqg qlwh frpshwlwlyh fohdulqj ri wkh
rxwsxw pdunhw lpsolhv R| ' |/ dqg rxwsxw +| lv jlyhq e| ghpdqg1
Wkh oderu vxsso| ?| lq shulrg | frphv iurp dq rswlpl}dwlrq e| d uhsuhvhqwdwlyh
|rxqj frqvxphu/ 4@ ?|cS|n￿ .|ES|n￿nE  ?| ryhu wkh exgjhw frqvwudlqwv 6| '
E  ||?| dqg S|n￿ ' 6|*R|n￿ n K|n￿ +rqh iru hdfk ydoxh ri R|n￿ h{shfwhg zlwk
srvlwlyh suredelolw|,/ zkhuh S|n￿ lv +sodqqhg, frqvxpswlrq iru wkh rog djh/ 6| lv
8prqh| kroglqj dw wkh hqg ri shulrg |/d q g |dqg K|n￿ uhvshfwlyho| duh wkh lqfrph
wd{ udwh lq shulrg |/ dqg dq h{shfwhg oxps vxp wudqvihu lq uhdo whupv uhfhlyhg
gxulqj wkh rog djh lq shulrg | n 1 Wkh ghpdqg e| wkh rog frqvxphu lq shulrg | lv
dffruglqjo| S| ' 6|3￿*R| n K| 'E  | 3 ￿  | 3 ￿? | 3 ￿*R| n K|1
Iroorzlqj Zrrgirug +4<;9,/ wkh ghvfulswlrq ri wkh krxvhkrog vhfwru lv dovr frp0
sdwleoh zlwk d prgho ri dq lqqlwho| olyhg frqvxphu zkr/ lq hdfk shulrg |/ pd{lpl}hv
wkh h{shfwdwlrq ri wkh xwlolw|
S"
r’| B
r3| dESr*B n E  ?ro/ B	 /v x e m h f w+ d o v r ,
wr fdvk0lq0dgydqfh frqvwudlqwv vwdwlqj wkdw lq dq| shulrg | frqvxpswlrq fdqqrw h{0
fhhg wkh rxwsxw ydoxh ri prqh| khog dw wkh ehjlqqlqj ri shulrg | soxv wkh wudqvihu
uhfhlyhg gxulqj shulrg |/ S|  6|3￿*R| n K|1
Li wkh fdvk0lq0dgydqfh frqvwudlqwv duh dozd|v elqglqj +￿ES| : ER|*R|n￿B￿ES|n￿,/
wkhq wkh frqvxphu fdq gr qr ehwwhu ryhu wkh vxffhvvlrq ri dq| wzr shulrgv | dqg |n
wkdq wr shuirup h{dfwo| wkh iruphu pd{lpl}dwlrq ghvfulehg deryh1 Vlqfh B	 /i r u
dq| g|qdplf wudmhfwru| wkdw vwd|v vx!flhqwo| forvh wr d frqvwdqw/ ru vwhdg|/ vwdwh
wkh fdvk0lq0dgydqfh frqvwudlqwv zloo lqghhg eh elqglqj lq doo shulrgv1 Khqfh/ lq
d qhljkerukrrg durxqg d vwhdg| vwdwh/ wkhuh lv htxlydohqfh ehwzhhq wkh htxloleuld
ri wkh ryhuodsslqj jhqhudwlrqv hfrqrp|/ dv irupxodwhg deryh/ dqg wkh htxloleuld
ri wkh fruuhvsrqglqj fdvk0lq0dgydqfh hfrqrp| zlwk lqqlwho| olyhg frqvxphuv/ dqg
wkh htxlydohqfh duhd h{whqgv dv wkh glvfrxqw udwh ehfrphv vpdoohu1
Wklv htxlydohqfh lv lpsruwdqw iru wkh lqwhusuhwdwlrq ri vhyhudo ihdwxuhv ri wkh
ryhuodsslqj jhqhudwlrqv hfrqrp|= Rqh grhv qrw kdyh wr wklqn ri wkh lpsolflw sh0
ulrg ohqjwk dv olwhudoo| d zrunlqj djh/ exw fdq wklqn ri d pxfk vkruwhu shulrg/
olnh d prqwk1 Ixuwkhu/ wkh dvvxpswlrq wkdw frqvxphuv rqo| frqvxph dv rog dulvhv
hqgrjhqrxvo| iurp wkh htxlydohqfh wr wkh fdvk0lq0dgydqfh hfrqrp|1 Ilqdoo|/ wkh
dvvxpswlrq wkdw wudqvihuv rqo| jr wr wkh rog lv dovr prwlydwhg e| wkh htxlydohqfh li/
lq wkh fdvk0lq0dgydqfh lqwhusuhwdwlrq ri wkh prgho/ lw lv dvvxphg wkdw d wudqvihu fdq
9eh xvhg lq wkh vdph shulrg lw lv uhfhlyhg1 Zh qg wklv odwwhu dvvxpswlrq qdwxudo
dqg frqvlghu wudqvihuv wr wkh rog dv wkh pdlq fdvh15
Zh lpsrvh vwdqgdug dvvxpswlrqv rq  dqg = Erwk duh frqwlqxrxvo| glhuhq0
wldeoh vhyhudo wlphv/ ￿ES dqg ￿Ee duh vwulfwo| srvlwlyh dqg jr wr lqqlw| dv S dqg
e uhvshfwlyho| jr wr }hur/ dqg ￿￿ES dqg ￿￿Ee duh vwulfwo| qhjdwlyh1 Zh ghqrwh wkh
Duurz0Sudww phdvxuh ri uhodwlyh ulvn dyhuvlrq lq  e| -ESG '  ￿￿ESS*￿ES : f/
dqg dovr ghqh E?G '  ￿￿E  ??*￿E  ? : f1 Zh dvvxph wkdw -Ef G'
*4S<f -ES/d q g Ef erwk h{lvw +duh 	 4,1
Wkh lqwhuwhpsrudo exgjhw frqvwudlqw lv/
S|n￿ 'E  |
 |
R | n￿
?| n K|n￿c +4,
vr oderu vxsso| lq shulrg | frphv iurp pd{lpl}lqj .|
￿




E?| zlwk uhvshfw wr ?|1W k l vk d vi r ud q |E| ￿|
R|n￿ : f dqg K|n￿  f dx q l t x h
vroxwlrq vwulfwo| ehwzhhq }hur dqg rqh jlyhq e| wkh uvw rughu frqglwlrq/
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Xqghu rxu dvvxpswlrqv ohlvxuh dqg frqvxpswlrq duh erwk qrupdo jrrgv16
515 Wkh Jryhuqphqw dqg wkh Ilvfdo Srolf| Uxohv
Lq hdfk shulrg |/ wkh jryhuqphqw ghflghv rq wkh uhdo oxps vxp wudqvihu K| dqg rq
wkh lqfrph wd{ udwh |/z k h u hf |	 1E r w kK |dqg | duh wdnhq dv sdudphwulf e|
5Krzhyhu/ wkh srodu fdvh zkhuh wudqvihuv duh doorfdwhg hqwluho| wr wkh |rxqj lv dovr ri lqwhuhvw1
Lq uhdolw|/ wudqvihuv duh dvvljqhg wr djhqwv ri doo djhv1 Ixuwkhu/ iru wkh dowhuqdwlyh prgho lqwhusuh0
wdwlrq/ rqh frxog wklqn ri wkh fdvk0lq0dgydqfh frqvwudlqwv dv dovr lqyroylqj wudqvihuv/ vr d uhfhlyhg
wudqvihu fdq rqo| eh xvhg lq wkh qh{w shulrg/ zklfk zrxog fruuhvsrqg wr wudqvihuv jrlqj hqwluho|
wr wkh |rxqj1 Ehorz zh zloo wkhuhiruh dovr uhsruw uhvxowv iru wklv dowhuqdwlyh fdvh1 Vlqfh wkh
htxloleulxp g|qdplf v|vwhp zloo wxuq rxw eh wzr0glphqvlrqdo/ zh zloo kdyh wr frq￿qh rxuvhoyhv
wr orfdo dqdo|vlv1
6Oderu vxsso| q+$>e, lq fdvh ri d srlqw h{shfwdwlrq lv jlyhq e| y3+4￿q,@$x3+$q.e,> zkhuh
$ @ zw+4 ￿ ￿w,@sw.4/ dqg e @ ew.41 D odujhu e lpsolhv d orzhu uljkw kdqg vlgh/ dqg wr uhfuhdwh
htxdolw| q pxvw idoo vlqfh wklv erwk ghfuhdvhv wkh ohiw kdqg/ dqg lqfuhdvhv wkh uljkw kdqg/ vlgh/ vr
q3
e ? 31 D vlplodu h{huflvh rq y3+4 ￿ +f ￿ e,@$,@$x3+f, vkrzv f3
e A 31
:wkh uhsuhvhqwdwlyh frqvxphu1 Wkh uhdo vshqglqj K| fdq eh lqwhusuhwhg dowhuqdwlyho|
dv d jryhuqphqw ghpdqg iru rxwsxw +ru oderu,1 Lw fdq hdvlo| eh fkhfnhg wkdw li
sxeolf dqg sulydwh frqvxpswlrq duh shuihfw vxevwlwxwhv/ vr wkh xwlolw| pd{lpl}hg e|
wkh frqvxphu ryhu E|c| n dffruglqj wr wkh jryhuqphqw ghpdqg lqwhusuhwdwlrq ri
K| lv E?|nES|n￿nK|n￿/ wkhq wkh uhvxowlqj g|qdplf prgho zloo eh lghqwlfdo wr
wkh rqh zkhuh K| lv d uhdo wudqvihu jrlqj wr wkh rog1 Qrwh wkdw wklv ixuwkhu mxvwlhv
frqvlghulqj wudqvihuv wr wkh rog dv wkh pdlq fdvh1
Zh dvvxph wkdw wkh jryhuqphqw ghflghv lwv ohyho ri vshqglqj lq hdfk shulrg
dffruglqj wr d vfdo srolf| uxoh ri wkh irup/








3k/ f  q	 c +6,
zkhuh wkh odwwhu zulwlqj vkrzv krz jryhuqphqw lqwhuyhqwlrq fdq ghshqg rq wkh
udwh ri fkdqjh lq JQS1
Jryhuqphqw vshqglqj lv qdqfhg hlwkhu e| sursruwlrqdo lqfrph wd{dwlrq ru e|
vhljqlrudjh/ ru e| d pl{ ri erwk/ vr wkdw wkh jryhuqphqw exgjhw frqvwudlqw | 
|3￿ ' R|K|  |R|+| E' R|K|  ||,| lv ixooohg/ zkhuh | lv wkh prqh| vwrfn dw
wkh hqg ri shulrg |1 Dv vkrzq ehorz/ wkh h{dfw qdqflqj grhv qrw pdwwhu vlqfh lq
wkh prgho frqvlghuhg gluhfw sursruwlrqdo wd{dwlrq dqg lq dwlrqdu| wd{dwlrq kdyh
wkh vdph hhfwv1 Wklv phdqv wkdw d uxoh iru vshqglqj K| ' KE+|c+ |3￿/ zklfk lpsolhv
ds h u l r g|udwh ri wd{dwlrq KE+|c+ |3￿*+| 0 hlwkhu dv d gluhfw wd{ lq fdvh ri exgjhw
edodqfh +|+| ' K|, ru dv dq lq dwlrqdu| wd{ lq fdvh ri prqh| sulqwlqj 0 lv htxlydohqw
wr wkh uxoh |E+|c+ |3￿'K E + |c+ |3￿*+| iru wkh wd{ udwh/ li vshqglqj lv ghwhuplqhg e|
exgjhw edodqfh lq hdfk shulrg17
7Wklv htxlydohqfh lv lpsruwdqw iru frpsdulvrq wr uhodwhg sdshuv/ h1j1 Jxr dqg Odqvlqj +4<<;,
dqg Fkulvwldqr dqg Kduulvrq +4<<<,/ zklfk riwhq surfhhg lq whupv ri d uxoh iru wkh wd{ udwh
frpelqhg zlwk exgjhw edodqfh/ dqg h{suhvv wkhlu uhvxowv lq whupv ri wkh ehkdylru ri wkh wd{ udwh
ryhu wkh f|foh1 Dq| f|folfdolw| zh duulyh dw iru e+|w>| w￿4,@|w fdq dowhuqdwlyho| eh ylhzhg dv wkh
f|folfdolw| ri ￿w lq wkh htxlydohqw edodqfhg exgjhw uxoh iru wkh wd{ udwh1
;Rxu irupxodwlrq lpsolhv wkdw K| lv dozd|v +zhdno|, srvlwlyh/ vr wkhuh lv qr oxps
vxp wd{dwlrq ru sursruwlrqdo hduqlqjv vxevlglhv1 Zh wklqn wkdw wklv lv d uhdolvwlf
ihdwxuh/ lq sduwlfxodu lq wkh frqwh{w ri vwdelol}dwlrq srolf|1 Ixuwkhu/ wkh uxohv gr
qrw frqglwlrq rq h{dfw nqrzohgjh ri wkh hfrqrp|*v odlvvh} idluh vwhdg| vwdwh1
Hdfk srolf| uxoh frqwdlqv d ohyho +ru uhvwlqj, frpsrqhqw jlyhq e| q/d q gdf | f o l f d o
+ru uhdfwlyh, frpsrqhqw jlyhq e| k1I u r p+ 6 , /qlv wkh vshqglqj vkduh lq fxuuhqw
rxwsxw +ru wkh wd{ udwh, zkhq rxwsxw lv frqvwdqw vr wkdw q phdvxuhv wkh vl}h ri
jryhuqphqw/ zkloh E+|*+|3￿3k lv d f|folfdo frpsrqhqw vkrzlqj wkh uhvsrqvlyhqhvv
ri wkh vshqglqj vkduh lq rxwsxw +ru ri wkh wd{ udwh, wr fkdqjhv lq rxwsxw/ k ehlqj
wkh hodvwlflw| ri wkh vshqglqj vkduh zlwk uhvshfw wr wkh rxwsxw jurzwk idfwru1 Wkh
odujhu k ehfrphv/ wkh pruh qhjdwlyh wkh uhdfwlrq lq wkh vshqglqj vkduh wr lqfuhdvhv
lq rxwsxw zloo eh/ wkdw lv/ wkh pruh frxqwhuf|folfdo zloo jryhuqphqw vshqglqj
eh +zh xvh txrwdwlrq pdunv vlqfh wkh qhjdwlyh ghshqghqfh lv zlwk uhvshfw wr wkh
lqfuhdvh lq/ qrw wkh ohyho ri/ rxwsxw,1
Wkh idplo| ri vshqglqj uxohv +6, lqfoxghv dv uhihuhqwldo vshfldo fdvhv odlvvh} idluh/
q 'f / dqg d frqvwdqw vshqglqj vkduh/ k 'f / exw qrw d frqvwdqw devroxwh vshqglqj/
KE+|c+ |3￿'7 K 1 Wklv lv dq lqwhuhvwlqj ehqfk pdun fdvh/ dqg ehorz zh frpsduh wkh
shuirupdqfh ri uxohv ri irup +6, wr wkh shuirupdqfh ri wklv sduwlfxodu uxoh1
Lq zkdw iroorzv lw lv dvvxphg wkdw wkh srolf| uxoh KE+|c+ |3￿xvhg e| wkh jryhuq0
phqw lv nqrzq dq eholhyhg lq e| wkh krxvhkrogv zkr dovr kdyh udwlrqdo h{shfwdwlrqv
z l w ku h v s h f ww rq h { ws h u l r g * vr x w s x ws u l f h 1
516 Htxloleulxp
Wkh hfrqrp|*v edvlf htxloleulxp frqglwlrq iroorzv iurp frpshwlwlyh fohdulqj ri wkh
rxwsxw/ oderu/ dqg prqh| pdunhwv/ wkdw lv/ iurp +| ' S|/ ?| ' ,|/d q g |'6 |+e|








L q v h u w l q jw k l vl q w rw k h u v wr u g h uf r q g l w l r q+ 5 ,j l y h v? |  ￿ E  ?|'. | E S | n￿ 
K|n￿￿ES|n￿1X v l q j+ | n￿ ' S|n￿/ ?| ' ,| ' +|/d q gK | n￿ ' KE+|n￿c+ |jlyhv/
+|
￿E  +|'. |d + | n￿  KE+|n￿c+ |o
￿E+|n￿ +7,
Wklv lv wkh +whpsrudu|, htxloleulxp frqglwlrq iurp zklfk wkh hfrqrp|*v g|qdplf
udwlrqdo h{shfwdwlrqv htxloleuld duh ghqhg= D +ghwhuplqlvwlf ru vwrfkdvwlf, lq0
whuwhpsrudo htxloleulxp zlwk udwlrqdo h{shfwdwlrqv lv d vhtxhqfh ri srvlwlyh udqgrp
yduldeohv E+| vdwlvi|lqj +7,1
Wkh gluhfw wd{ udwh | grhv qrw hqwhu lqwr +7,/ dqg khqfh udwlrqdo h{shfwdwlrqv
htxloleulxp grhv qrw ghshqg rq lw1 Lq wkh frqvlghuhg prgho lw grhv qrw pdwwhu
zkhwkhu jryhuqphqw vshqglqj lv qdqfhg e| sursruwlrqdo gluhfw wd{dwlrq ru e|
vhljqlrudjh +lq dwlrqdu| wd{dwlrq,18
6 Udwlrqdo H{shfwdwlrqv G|qdplfv
614 Vwhdg| Vwdwh
D prqhwdu| vwhdg| vwdwh lv d sduwlfxodu ghwhuplqlvwlf vroxwlrq ri +7,/ zkhuh +|n￿ '




Khuh wkh ohiw kdqg vlgh jrhv iurp }hur wr lqqlw| dv + j r h vi u r p} h u rw rr q h /v ri r u
dq| q/ wkhuh lv d xqltxh prqhwdu| vwhdg| vwdwh +Eq/d q g+ E q 	 1 Lq sduwlfxodu
8Lw iroorzv/ ri frxuvh/ iurp jhqhudo pdunhw fohdulqj hwf1 wkdw wkh jryhuqphqw*v exgjhw frqvwudlqw
lv ixo￿oohg +dowkrxjk ￿w grhv qrw hqwhu gluhfwo| lqwr wkh htxloleulxp frqglwlrq,= Htxloleulxp lq wkh
prqh| pdunhw lpsolhv Pw ￿ Pw￿4 @ pw ￿ pw￿4/ zkhuh iurp wkh frqvxphu*v exgjhw frqvwudlqwv
pw @+ 4￿￿ w, z wq wdqg pw￿4 @+ f w￿e w, s w1 Lqvhuwlqj dovr zw @ sw/ qw @ ow @ |w dqg fw @ |w jlyhv
Pw ￿ Pw￿4 @ swew ￿ ￿wsw|w1
43+Ef lv wkh prqhwdu| vwhdg| vwdwh xqghu odlvvh} idluh1 Lw iroorzv gluhfwo| wkdw +Eq
lv vwulfwo| ghfuhdvlqj lq q/d q gw k d w+ E q jrhv wr }hur dv q jrhv wr rqh1
Zhoiduh dw wkh vwhdg| vwdwh vkrxog eh ghqhg dv `EqG ' E + E q *BnE+Eq/
zkhuh B   lv d glvfrxqw udwh1 Wkhq `￿Eq'E  ￿*B  ￿+￿Eq/d q gi u r p+ ￿E q 	f
dqg +8,/ ` ￿ 	 f iru doo q:f 1W k l vs u r y h v /
Sursrvlwlrq 4 Iru doo q/ wkhuh lv d xqltxh prqhwdu| vwhdg| vwdwh lqyroylqj
surgxfwlrq +Eq/z l w kf	+ E q 	 /d q g+ E q lv vwulfwo| ghfuhdvlqj lq q dqg
+Eq $ f dv q $ 1 Zhoiduh dw wkh prqhwdu| vwhdg| vwdwh `Eq lv xqdpeljxrxvo|
ghfuhdvlqj lq q/ dqg rswlpdo srolf| iru vwhdg| vwdwh lv q 'f 1 9
Sursrvlwlrq 4 lpsolhv wkdw jryhuqphqw dfwlylw| kdv wr eh prwlydwhg e| wkh prq0
hwdu| vwhdg| vwdwh qrw ehlqj wkh dssursuldwh ghvfulswlyh htxloleulxp xqghu odlvvh}
idluh1 Ixuwkhupruh/ vkrxog hqgrjhqrxv  xfwxdwlrqv suhydlo +xqghu odlvvh} idluh, dqg
vkrxog rqh/ e| xvh ri d srolf| uxoh ehorqjlqj wr wkh fodvv +6,/ pdqdjh wr vwdelol}h
wkh hfrqrp| dw wkh prqhwdu| vwhdg| vwdwh/ wkhq lw lv xqdpeljxrxvo| wr eh suhihuuhg
wkdw wklv lv grqh dw wkh orzhvw srvvleoh ydoxh ri q1
Iru wkh sduwlfxodu ehqfk pdun uxoh/ KE+|c+ |3￿'7 K / wkh vwhdg| vwdwh frqglwlrq
lv ￿E  +*￿E+'7 K*+1 Lw lv hdv| wr vhh wkdw iru d vx!flhqwo| odujh ydoxh ri
7 K wkhuh lv qr vwhdg| vwdwh/ zkloh iru doo vx!flhqwo| orz +dqg sodxvleoh, ydoxhv ri 7 K
wkhuh duh vhyhudo vwhdg| vwdwhv lqyroylqj rxwsxwv odujhu wkdq 7 K1
9Li ￿?4dqg rqh doorzv ￿?3lw zrxog iroorz iurp Z3+3, ? 3 wkdw rswlpdo srolf| iru
vwhdg| vwdwh lv vrph ￿?3 / zklfk/ lq wkh devhqfh ri gluhfw wd{dwlrq/ lv htxlydohqw wr d frqvwdqw
qhjdwlyh prqh| jurzwk udwh/ d vr0fdoohg Iulhgpdq uxoh1 Krzhyhu/ ￿?3phdqv oxps vxp wd{dwlrq
frpelqhg zlwk lqfrph vxevlglhv frplqj hlwkhu gluhfwo| ru wkurxjk qhjdwlyh lq dwlrq1 Dv vdlg/
zh wklqn lw lv uhdolvwlf iru wkh lvvxh ri vwdelol}dwlrq srolf| qrw wr frqvlghu oxps vxp wd{dwlrq ru
hduqlqjv vxevlglhv1
44615 Shuihfw Iruhvljkw G|qdplfv
Wkh hfrqrp|*v shuihfw iruhvljkw g|qdplfv lv rewdlqhg iurp +7, dvvxplqj wkdw wkh
qh{w shulrg*v rxwsxw lv fruuhfwo| iruhvhhq iurp wkh fxuuhqw shulrg lq d ghwhuplqlvwlf
vhqvh1 Wklv jlyhv d uvw rughu/ rqh0glphqvlrqdo glhuhqfh htxdwlrq lq +| dqg +|n￿/
+|
￿E  +|'d + | n￿  KE+|n￿c+ |o
￿E+|n￿ +9,
D g|qdplf shuihfw iruhvljkw htxloleulxp lv d vhtxhqfh E+| ri surgxfwlrq ohyhov
f  +| 	 / vxfk wkdw +9, lv ixooohg iru doo |1
Li/ lq +6,/ k  f/r uq'f /w k h qK E + | n￿c+ | lv +zhdno|, lqfuhdvlqj lq +|/v rw k h
uljkw kdqg vlgh ri +9, zloo/ iru dq| jlyhq +|n￿ : f/ ghfuhdvh zhdno| iurp d vwulfwo|
srvlwlyh ydoxh dv +| lqfuhdvhv iurp }hur1 Vlqfh wkh ohiw kdqg vlgh lqfuhdvhv iurp }hur
wr lqqlw| dv +| jrhv iurp }hur wr rqh/ wkhuh lv iru hyhu| srvlwlyh +|n￿ d xqltxh +|
ehwzhhq }hur dqg rqh wkdw vroyhv +9,/ dqg +9, wkxv hyhu|zkhuh lpsolflwo| ghqhv +|
dv d ixqfwlrq ri +|n￿= +| ' sE+|n￿1
Iurp wkh Lpsolflw Ixqfwlrq Wkhruhp/ s lv frqwlqxrxvo| glhuhqwldeoh1 Vr/ iru
k  f/r uq'f / wkxv lqfoxglqj odlvvh} idluh/ wkh +edfnzdug, shuihfw iruhvljkw
g|qdplf s lv zhoo0ghqhg joredoo|1 Iru k	fdqg q:flw lv qrw1 Lq wkdw fdvh wkhuh
duh iru +|n￿ vpdoo hqrxjk vhyhudo vroxwlrqv lq +| wr +9,/ dqg iru +|n￿ odujh hqrxjk
wkhuh duh qrqh1 Dv mxvw vkrzq wkhuh lv/ krzhyhu/ d xqltxh prqhwdu| vwhdg| vwdwh
+Eq/ dqg orfdoo| durxqg +Eq wkh shuihfw iruhvljkw g|qdplf s lv zhoo0ghqhg dqg
frqwlqxrxvo| glhuhqwldeoh1:
Iru wkh sduwlfxodu uxoh KE+|c+ |3￿'7 K / shuihfw iruhvljkw g|qdplfv lv jlyhq e|
+|￿E  +|'
k
+ | n￿ 7 K
l
￿E+|n￿/d q gi r ud q |+ | n￿  7 K/ wkhuh lv d xqltxh vroxwlrq
:Iurp wkh Lpsolflw Ixqfwlrq Wkhruhp/ i lv orfdoo| zhoo0gh￿qhg e| +9, durxqg vwhdg| vwdwh li
wkh ghulydwlyh ri |wy3+4 ￿ |w, ￿ ^|w.4 ￿ e+|w.4>| w,‘x3+|w.4,, zuw1 |w phdvxuhg dw vwhdg| vwdwh lv
qrw }hur1 Wklv ghulydwlyh lv y3+4￿|+￿,,+4.Q+|+￿,,.￿￿x3+|+￿,,/ zklfk/ iru dq| jlyhq ￿/ lv }hur
rqo| iru rqh sduwlfxodu +qrq0jhqhulf, qhjdwlyh ydoxh ri ￿1
45+|/ lpso|lqj djdlq d zhoo0ghqhg dqg glhuhqwldeoh ixqfwlrq +| ' sE+|n￿1V l q f hz h
nqrz iurp deryh wkdw +iru 7 K qrw wrr odujh, wkhuh duh dw ohdvw wzr vwhdg| vwdwhv zlwk
rxwsxw odujhu wkdq 7 K/ lw fdq eh lqihuuhg wkdw wkhuh lv dw ohdvw rqh vwhdg| vwdwh +:7 K /
zkhuh wkh vorsh ri wkh shuihfw iruhvljkw g|qdplf ixooov s￿E+ : 1
616 Hqgrjhqrxv Ioxfwxdwlrqv dqg Vwdelol}dwlrq Fulwhulrq
Ghwhuplqlvwlf f|fohv dqg vwdwlrqdu| +Pdunry, vxqvsrw htxloleuld duh rxu fdqglgdwhv
iru udwlrqdo h{shfwdwlrqv g|qdplf htxloleuld h{klelwlqj hqgrjhqrxv  xfwxdwlrqv1 D
ghwhuplqlvwlf o0f|foh lv d froohfwlrq ri o glhuhqw surgxfwlrq ohyhov f 	+ ￿cc+o 	 
lq wkh udqjh zkhuh s lv zhoo0ghqhg vxfk wkdw +￿ ' sE+2cc+o ' sE+￿1D q o 0
vwdwh vwdwlrqdu| +Pdunry, vxqvsrw htxloleulxp/ VVH/ frqvlvwv ri o surgxfwlrq ohyhov
f 	+ ￿+ o	 /z k h u h+ ￿	+ o/d q go 2wudqvlwlrq suredelolwlhv ^￿￿/
So
￿’￿ ^￿￿ '
 iru  ' cco/ zkhuh wkh pdwul{ E^￿￿ lv luuhgxfleoh/ vxfk wkdw/ zkhqhyhu wkh
frqvxphu h{shfwv wkdw wkh rxwsxw ohyho +￿ zloo rffxu zlwk suredelolw| ^￿￿ qh{w shulrg/
 ' cco/ wkhq wkh fxuuhqw whpsrudu| htxloleulxp rxwsxw ohyho dffruglqj wr +7, lv





^￿￿ d+￿  KE+￿c+ ￿o
￿E+￿ iru  ' cco +:,
Wkh zhoo0nqrzq lghd lv wkdw rqh fdq lpdjlqh wkdw dq luuhgxfleoh Pdunry fkdlq +d
vxqvsrw, rq vwdwhv cco/ vhqglqj vwdwh  lqwr vwdwh  zlwk wudqvlwlrq suredelolw|
^￿￿/ wkrxjk h{rjhqrxv wr wkh hfrqrplf v|vwhp/ pd| jryhuq lwv shuirupdqfh1 Li
wkh djhqwv nqrz wkh wudqvlwlrq suredelolwlhv dqg eholhyh wkdw lq dq| shulrg rxwsxw
pxvw eh +￿ li wkh vwdwh lv / wkhq rxwsxw zloo lqghhg eh jryhuqhg e| wkh vxqvsrw
dqg  xfwxdwh dffruglqjo|/ dqg wkh djhqwv zloo kdyh qr uhdvrq wr uhylvh wkhlu eholhiv
vlqfh wkhlu h{shfwdwlrqv duh suredelolvwlfdoo| fruuhfw/ l1h1 udwlrqdo1 Dq o0f|foh lv d
sduwlfxodu/ qrq0vwrfkdvwlf o0vwdwh VVH1
46Lw lv zhoo0nqrzq wkdw li s lv vxfk wkdw dq o0f|foh h{lvwv wkhq wkhuh lv dovr d wuxo|
vwrfkdvwlf o0vwdwh VVH forvh wr wkh f|foh/ vhh Jxhvqhulh dqg Zrrgirug +4<<5,1 Lw lv
qrw jhqhudoo| wuxh wkdw wkh h{lvwhqfh ri d VVH lpsolhv wkh h{lvwhqfh ri ghwhuplqlvwlf
f|fohv/ ru/ htxlydohqwo|/ wkdw qrq0h{lvwhqfh ri f|fohv lpsolhv qrq0h{lvwhqfh ri VVH1
Vlqfh zh duh frqfhuqhg zlwk vwdelol}dwlrq +hvwdeolvklqj qrq0h{lvwhqfh ri hqgrjhqrxv
 xfwxdwlrqv, lw lv lpsruwdqw iru rxu sxusrvhv wr hvwdeolvk vxfk d frqqhfwlrq1 Lq
Dsshqgl{ E zh suryh d sursrvlwlrq vwdwlqj vrph jhqhudo frqglwlrqv xqghu zklfk
wkh h{lvwhqfh ri d VVH lpsolhv wkh h{lvwhqfh ri d 50shulrg f|foh1 Wkh sursrvlwlrq
lpsolhv wkdw d srolf| uxoh lq wkh fodvv +6,/ zklfk holplqdwhv doo f|fohv e| hqvxulqj
joredo vwdelolw| dffruglqj wr s ri wkh prqhwdu| vwhdg|/ dovr holplqdwhv doo VVH1; E|
yluwxh ri wkhvh dqg vrph rwkhu zhoo0nqrzq uhvxowv lw zloo vx!fh lq zkdw iroorzv wr
vwxg| wkh shuihfw iruhvljkw g|qdplf s=
Lqghwhuplqdf|1 Li s lv orfdoo| zhoo0ghqhg durxqg d prqhwdu| vwhdg| vwdwh dqg
wkh vorsh ri s dw wkh vwhdg| vwdwh lv vpdoohu wkdq plqxv rqh ru odujhu wkdq rqh/ wkhq
wkh vwhdg| vwdwh lv orfdoo| vwdeoh lq wkh iruzdug gluhfwlrq xqghu shuihfw iruhvljkw/
dqg rqh vd|v wkhuh lv lqghwhuplqdf|1 Lw lv zhoo nqrzq wkdw lqghwhuplqdf| lpsolhv wkh
h{lvwhqfh ri VVH duelwudulo| forvh wr wkh vwhdg| vwdwh/ vhh Jxhvqhulh dqg Zrrgirug
+4<<5,/ dqg srvvleo| dovr ghwhuplqlvwlf f|fohv +dqg VVH forvh wr wkh f|fohv,1 Lq
fdvh ri lqghwhuplqdf| d f|foh ru d vxqvsrw htxloleulxp lv frqvlghuhg wkh uhohydqw
g|qdplf htxloleulxp +li lw zhuh qhyhuwkhohvv wkh vwhdg| vwdwh wkhuh zrxog eh qr
vwdelol}dwlrq sureohp,1 Lw iroorzv iurp deryh +odvw sdudjudsk ri Vxevhfwlrq 615,/
wkdw wkh sduwlfxodu srolf| uxoh ri frqvwdqw jryhuqphqw vshqglqj/ KE+|c+ |3￿'7 K / zloo
lqhylwdeo| lpso| lqghwhuplqdf| dqg wkh h{lvwhqfh ri VVH iru doo vx!flhqwo| vpdoo 7 K1
;Wkh phwkrg xvhg lq Dsshqgl{ E wr hvwdeolvk frqglwlrqv xqghu zklfk wkh h{lvwhqfh ri d VVH
lpsolhv wkh h{lvwhqfh ri d 50shulrg f|foh lv vlplodu wr wkh rqh xvhg e| Judqgprqw +4<;9,1 Krzhyhu/
wkh g|qdplfv dulvlqj iurp rxu srolf| uxohv duh qrw fryhuhg e| wkh jhqhudolw| ri Judqgprqw*v uhvxow1
Wkhuhiruh wkh wkhruhp lq Dsshqgl{ E jhqhudol}hv Judqgprqw*v uhvxow dqg lw pd| eh ri lqghshqghqw
lqwhuhvw1
47Ghwhuplqdf|1 Dvvxph wkdw e| dssursuldwh xvh ri d srolf| uxoh lq wkh frqvlghuhg
fodvv +6,/ lw fdq eh rewdlqhg wkdw wkh vwhdg| vwdwh +Eq ehfrphv joredoo| vwdeoh
dffruglqj wr s +uhtxlulqj wkdw s lv joredoo| zhoo0ghqhg,1 Wkhq wkhuh fdq eh qr
ghwhuplqlvwlf f|fohv dqg/ iurp Sursrvlwlrq E vkrzq lq Dsshqgl{ E/ wkhuh fdq eh qr
VVH hlwkhu1 Wkh vwhdg| vwdwh lv wkhq wkh rqo| uhdvrqdeoh erxqghg dqg frqwlqxrxvo|
zhoo0ghqhg udwlrqdo h{shfwdwlrqv htxloleulxp/ dqg rqh vd|v wkdw wkhuh lv +joredo,
ghwhuplqdf|1 Ghwhuplqdf| zloo eh frqvlghuhg d vx!flhqw frqglwlrq iru vwdelol}dwlrq1
7 Vwdelol}dwlrq dqg Ghvwdelol}dwlrq
Ehorz zh uvw vwdwh uhvxowv rq vwdelol}dwlrq/ wkdw lv/ rq krz dssursuldwh fkrlfhv ri
k dqg q fdq fuhdwh joredo ghwhuplqdf| ri wkh vwhdg| vwdwh +Eq1 Iru wklv w|sh ri
uhvxowv zh dvvxph wkdw li wkh hfrqrp| lv ohiw wr lwvhoi lw kdv d vwdelol}dwlrq sureohp=
Xqghu odlvvh} idluh/ q 'f / wkhuh lv lqghwhuplqdf|/ s￿E+Ef 	  +lw iroorzv iurp
+43, ehorz wkdw :  lv qrw srvvleoh,/ dqg erwk ghwhuplqlvwlf f|fohv dqg VVH h{lvw1
Wkhq zh vwdwh uhvxowv rq ghvwdelol}dwlrq/ wkdw lv/ rq krz +lq,dssursuldwh fkrlfhv ri
k dqg q fdq fuhdwh +orfdo, lqghwhuplqdf|1 Iru wklv vhfrqg w|sh ri uhvxow rqh vkrxog
kdyh lq plqg wkdw xqghu odlvvh} idluh wkhuh lv joredo ghwhuplqdf|/ +Ef lv joredoo|
vwdeoh dffruglqj wr s/ dqg f|fohv dqg VVH gr qrw h{lvw1 Lq d qdo vxevhfwlrq uhvxowv
iru wkh wudqvihuv wr wkh |rxqj fdvh duh ghulyhg dqg frpsduhg wr wkh pdlq fdvh1
Lqvhuwlqj wkh frqvlghuhg vshflf ixqfwlrqdo irup ri srolf| uxohv +6, lqwr +9, jlyhv/
+|






zklfk ghqhv +| ' sE+|n￿ dw ohdvw orfdoo| durxqg +Eq1 Iru dq| %:f /d wz k l f k
s E % lv zhoo0ghqhg/ wkh vorsh ri s lv rewdlqhg e| lpsolflw glhuhqwldwlrq ri +;,
48zulwwhq dv sE%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Phdvxulqj s￿ dw wkh prqhwdu| vwhdg| vwdwh zkhuh % ' sE%'+ E q jlyhv/
s
￿E+Eq '
  qE  k  E  q-E+Eq
  qE  knE q E +E q
 +43,
Zkhq k:frqh kdv wkdw KE+|n￿c+ |lv lqfuhdvlqj lq +| vr s lv joredoo| zhoo0ghqhg
+dv h{sodlqhg lq Vhfwlrq 615,/ dqg iru dq| +|n￿ : f/w k h+ |wkdw vroyhv +;, lv ehorz
+|n￿*q
￿*k1 Khqfh/ dv +|n￿ jrhv wr }hur/ vr pxvw wklv +|/ lpso|lqj wkh surshuw| sEf G'
*4%<f sE%'fzkhqhyhu k:f 1 Wklv surshuw| klqjhv rq wkh idfw wkdw wkh srolf|
uxohv zh frqvlghu pd| frqglwlrq K|n￿ rq sdvw JQS +|/ qrw rqo| rq fxuuhqw JQS +|n￿1
Ixuwkhu/ wkh surshuw| lv lpsruwdqw iru rxu vwdelol}dwlrq uhvxowv= Zkhqhyhu k:f /
zh nqrz derxw s wkdw 4, lw lv joredoo| zhoo0ghqhg/ 5, lw vwduwv dw }hur/ sEf ' f/
dqg 6, lw vwd|v hyhu|zkhuh ehorz rqh/ sE% 	 1L wp d |k d y hdq x p e h ur i f u l w l f d o
srlqwv E%ScsE% S zkhuh s￿E%S'f 1 Lq dq| fdvh/ wkh surshuwlhv 4, 0 6, lpso| wkdw
li doo fulwlfdo srlqwv duh ehorz wkh 78￿0 o l q h+ l q f o x g l q jw k hf d v hz k h u hw k h u hd u hq r
fulwlfdo srlqwv,/ l1h1 ixooo sE%S*%S 	 /w k h q+ E q lv joredoo| vwdeoh dffruglqj wr s1
Wklv lv xvhg wr hvwdeolvk rxu joredo vwdelol}dwlrq uhvxowv lq Sursrvlwlrq 51 Wkh idfw
wkdw zh frqvlghu srolf| uxohv wkdw pd| frqglwlrq uhdo jryhuqphqw vshqglqj rq sdvw
dv zhoo dv rq fxuuhqw JQS +ru frqglwlrq wkh JQS vkduh ri vshqglqj rq wkh jurzwk
udwh, lv wkxv ri lpsruwdqfh iru rxu uhvxowv1
714 Vwdelol}dwlrq
Rxu pdlq uhvxow lv Sursrvlwlrq 5 ehorz/ zklfk vd|v wkdw iru dq| jlyhq srvlwlyh ydoxh
ri q +qr pdwwhu krz vpdoo,/ rqh fdq fuhdwh ghwhuplqdf| e| fkrrvlqj k vx!flhqwo|
odujh1 Lq rwkhu zrugv/ vwdelol}dwlrq dw wkh prqhwdu| vwhdg| vwdwh +Eq fdq eh re0
wdlqhg zlwk duelwudulo| olwwoh glvwruwlrq e| xvlqj d vx!flhqwo| frxqwhuf|folfdo uxoh
49iru jryhuqphqw vshqglqj1 Krzhyhu/ vwurqj frxqwhuf|folfdolw| zloo eh qhhghg iru
olwwoh glvwruwlrq1 Iru frpsohwhqhvv/ wkh sursrvlwlrq dovr uhsruwv rq vwdelol}dwlrq e|
dssursuldwh fkrlfh ri q/j l y h qk 1
Sursrvlwlrq 5 +Fuhdwlqj ghwhuplqdf|,1 Dvvxph s￿E+Ef 	 1
+l, Vwdelol}dwlrq e| dssursuldwh fkrlfh ri wkh f|folfdo frpsrqhqw k=
Iru dq| q:f /w k h u hl vd qk WE q :f / vxfk wkdw li d srolf| uxoh zlwk k:k WE q 
dqg q lv xvhg/ wkhq wkh vwhdg| vwdwh +Eq lv ghwhuplqdwh dqg wkhuh duh qr f|fohv ru
vwdwlrqdu| vxqvsrw htxloleuld1 Ixuwkhu/ iru doo vx!flhqwo| vpdoo q:f / lw lv qhfhvvdu|
iru ghwhuplqdf| wkdw k lv juhdwhu wkdq ru htxdo wr d fhuwdlq kWWEq  : f/d q gw k l v
k WWEq  jrhv wr lqqlw| dv q jrhv wr }hur1
+ll, Vwdelol}dwlrq e| dssursuldwh fkrlfh ri wkh ohyho frpsrqhqw q=
Iru dq| k:f /w k h u hl vdq
W E k zlwk f 	q
WE k 	 / vxfk wkdw li d srolf| uxoh
zlwk k dqg q:q
WE k lv xvhg/ wkhq wkh vwhdg| vwdwh +Eq lv ghwhuplqdwh dqg wkhuh
duh qr f|fohv ru vwdwlrqdu| vxqvsrw htxloleuld1 Li -Ef 	  wkhq dovr iru k 'fwkhuh
h{lvwv d q
W 	 / vxfk wkdw q:q
Wlpsolhv ghwhuplqdf| ri wkh vwhdg| vwdwh1<
Sursrvlwlrq 5/ +l, lv derxw vwdelol}dwlrq ri rxwsxw e| dssursuldwh fkrlfh ri k iru
d jlyhq {hg ohyho ri glvwruwlrq q1W k l vl vr il q w h u h v wi r uzhoiduh1 Dprqj prqhwdu|
vwhdg| vwdwhv/ wkrvh zlwk wkh orzhvw q duh ehvw zhoiduhzlvh +Sursrvlwlrq 4,/ dqg
lqghhg/ wkh hfrqrp| fdq eh vwdelol}hg duelwudulo| forvh wr wkh odlvvh} idluh prqhwdu|
vwhdg| vwdwh +Ef143 Rq wkh rwkhu kdqg/ Sursrvlwlrq 5 dovr vd|v wkdw olwwoh glvwruwlrq
uhtxluhv pxfk frxqwhuf|folfdolw|1 Wkh uhvxow wkxv srlqwv wr d wudgh r ehwzhhq
<Wkh uhvxow iru U+3, ? 4 dqg ￿ @3lv htxlydohqw wr d pdlq uhvxow ri Judqgprqw +4<;9,/ vlqfh d
frqvwdqw vshqglqj vkduh uxoh/ ￿ @3 / fdq eh vkrzq wr eh htxlydohqw wr wkh nlqg ri frqvwdqw prqh|
jurzwk udwh uxohv vwxglhg e| Judqgprqw/ dqg Judqgprqw pdnhv dvvxpswlrqv zlwk wkh vdph h￿hfw
dv U+3, ? 41
43Wkh vwdelol}hg vlwxdwlrq grhv qrw qhfhvvdulo| Sduhwr grplqdwh wkh  xfwxdwlqj rqh1 Wklv fdqqrw
eh dfklhyhg jhqhudoo| ehfdxvh vrph jhqhudwlrqv fdq ehqh￿w pxfk iurp  xfwxdwlrqv +zrun olwwoh dv
|rxqj dqg frqvxph pxfk dv rog,1 Krzhyhu/ lq wkh vwdelol}hg vlwxdwlrq wkh frpprq xwlolw| ri doo
jhqhudwlrqv lv doprvw dv kljk dv lw frxog eh jlyhq wkdw doo jhqhudwlrqv vkrxog eh htxdo1
4:frxqwhuf|folfdolw| dqg glvwruwlrq1
D jurzwk sxqlvklqj ru frxqwhuf|folfdo vshqglqj uxoh lv vwdelol}lqj ehfdxvh lw
whqgv wr vprrwk rxwsxw ryhu wlph1 Jhrphwulfdoo|/ e| eulqjlqj wkh fxuuhqw htxl0
oleulxp +| forvh wr wkh ixwxuh +|n￿/ wkh wudqvlwlrq fxuyh s lv sxoohg wrzdugv wkh
78￿0olqh +rq wkh lqwhuydo dfco,/ zklfk pdnhv wkh prqhwdu| vwhdg| vwdwh vwdeoh df0
fruglqj wr s1 Lqwxlwlyho|/ wkh rxwsxw vprrwklqj hhfw lv gxh wr lqwhuwhpsrudo lq0
fhqwlyh hhfwv1 Dvvxph wkdw JQS  xfwxdwhv/ vd| dffruglqj wr d wzr0shulrg f|foh1
Wkh hhfwv ri d frxqwhuf|folfdo srolf| uxoh fdq eh sduwlwlrqhg lqwr wzr hhfwv/ d
wudqvihu hhfw/ dqg d uhdo zdjh hhfw1
Wkh wudqvihu hhfw= Lq d shulrg zkhuh rxwsxw dqg oderu vxsso| duh uhodwlyho|
orz shrsoh zloo/ vlqfh wkh| dqwlflsdwh dq lqfuhdvh lq rxwsxw dqg nqrz dqg eholhyh lq
d frxqwhuf|folfdo vshqglqj uxoh/ h{shfw uhodwlyho| orz wudqvihuv +ru d orz ohyho ri
sxeolf frqvxpswlrq wr vxevwlwxwh iru sulydwh frqvxpswlrq, gxulqj wkh qh{w shulrg1
Vlploduo|/ lq d shulrg zkhuh rxwsxw dqg oderu vxsso| duh uhodwlyho| kljk/ ixwxuh
wudqvihuv +ru sxeolf frqvxpswlrq, zloo eh h{shfwhg wr eh kljk1 Vlqfh ohlvxuh lv d
qrupdo jrrg wklv whqgv wr plwljdwh wkh glhuhqfh lq oderu vxsso| ehwzhhq shulrgv
ri orz rxwsxw dqg shulrgv ri kljk rxwsxw dqg khqfh wr vprrwk rxwsxw ryhu wlph1
Wkh uhdo zdjh hhfw= Lq d shulrg ri d uhodwlyho| orz JQS wkh wudqvihu zloo
eh uhodwlyho| kljk dqg khqfh wkh wd{dwlrq +gluhfw ru lq dwlrqdu|, ri wkh shulrg*v
lqfrph zloo eh uhodwlyho| kljk fuhdwlqj d uhodwlyho| orz lqwhuwhpsrudo uhdo zdjh
+fhwhulv sdulexv,1 Wkh hhfw rq oderu vxsso| lq wkh shulrg ri wkh uhodwlyho| orz uhdo
zdjh ghshqgv rq d vxevwlwxwlrq hhfw wkdw sxoov lq wkh gluhfwlrq ri orz oderu vxsso|
dqg rq d zhdowk hhfw wkdw sxoov lq wkh gluhfwlrq ri kljk oderu vxsso|1 Wkh vljq ri
wkh uhdo zdjh hhfw lv wkhuhiruh jhqhudoo| dpeljxrxv1 Lq wkh looxvwudwlyh prgho zh
frqvlghu/ wkh vx!flhqw frqglwlrq iru  xfwxdwlrqv xqghu odlvvh} idluh/ s￿E+Ef 	 /
lpsolhv wkdw wkh zhdowk hhfw grplqdwhv wkh vxevwlwxwlrq hhfw +durxqg wkh vwhdg|
4;vwdwh,/ vr dovr wkh uhdo zdjh hhfw whqgv wr lqfuhdvh rxwsxw lq shulrgv ri orz rxwsxw/
dqg ylfh yhuvd/ dqg khqfh wr vprrwk rxwsxw ryhu wlph1
Wkhuhiruh/ lq rxu looxvwudwlyh prgho/ erwk ri wkh hhfwv frplqj iurp d frxqwhu0
f|folfdo vshqglqj uxoh pd| eh vwdelol}lqj1 Krzhyhu/ iru wkh rxwsxw vprrwklqj hhfw
ri d frxqwhuf|folfdo srolf| uxoh lw lv qrw qhfhvvdu| wkdw erwk ri wkh deryh vxehi0
ihfwv jr lq wkh uljkw gluhfwlrq1 Lw zrxog vx!fh wkdw wkh wudqvihu hhfw grplqdwhv
wkh uhdo zdjh hhfw/ vkrxog wkhvh jr lq rssrvlwh gluhfwlrqv1 Hpslulfdo lqyhvwljd0
wlrqv vxjjhvw wkdw wklv lv uhdolvwlf1 Dffruglqj wr Shqfdyho +4<;9,/ hvwlpdwhv ri wkh
xqfrpshqvdwhg uhdo zdjh hodvwlflw| ri oderu vxsso| duh prvw riwhq forvh wr }hur1
Wkh jhqhudo ohvvrq iurp wkh deryh h{sodqdwlrqv vhhpv wr eh wkdw wzr ihdwxuhv/
zklfk duh lq sduwlfxodu ihdwxuhv ri wkh prgho zh kdyh frqvlghuhg/ whqg wr pdnh
frxqwhuf|folfdo vshqglqj uxohv h!flhqw lq fuhdwlqj ghwhuplqdf|1 4, Oderu vxsso|
lv lq xhqfhg uhodwlyho| vwurqjo| e| d uhfhlyhg h{rjhqrxv lqfrph/ d oxps vxp
wudqvihu ru d sxeolf frqvxpswlrq wkdw vxevwlwxwhv iru sulydwh frqvxpswlrq/ frpsduhg
wr krz lw lv lq xhqfhg e| wkh qhw ri wd{ uhdo zdjh1 5, Fxuuhqw oderu vxsso| lv
lq xhqfhg +uhodwlyho| vwurqjo|, e| d ixwxuh/ frpsduhg wr d fxuuhqw/ h{rjhqrxv
lqfrph1 Wkh odwwhu ihdwxuh lv olqnhg wr wkh prqhwdu| vwuxfwxuh ri rxu prgho= Rxw
ri wkh oderu lqfrph hduqhg lq rqh shulrg/ shrsoh sxw prqh| dvlgh wr kdyh prqh|
kroglqjv lq wkh qh{w shulrg/ dqg wkhuhiruh wkh h{rjhqrxv lqfrph uhfhlyhg lq wkh
vhfrqg ri wkh shulrgv vxevwlwxwhv iru wkh oderu lqfrph/ dqg wkhuhiruh vxevwdqwldoo|
dhfwv wkh oderu vxsso|/ lq wkh uvw ri wkh shulrgv1 Rqh uhdvrq zk| zh duulyh dw
d glhuhqw f|folfdolw| iru prvw vwdelol}lqj srolflhv wkdq wkh uhodwhg frqwulexwlrqv
phqwlrqhg lq wkh Lqwurgxfwlrq lv wkdw zh frqvlghu d prqhwdu| prgho +zlwk wkh
lpsolfdwlrq wkdw fxuuhqw oderu vxsso| lv dhfwhg e| ixwxuh jryhuqphqw vshqglqj,/
zkloh wkh| frqvlghu uhdo prghov1
Lw lv dq lpsolfdwlrq ri Sursrvlwlrq 5/ wkdw d frqvwdqw jryhuqphqw vshqglqj 7 K
4<fdq eh lpsohphqwhg zlwkrxw lqgxflqj wkh djjuhjdwh lqvwdelolw| lpsolhg e| wkh uxoh
KE+|c+ |3￿'7 K / li d vshqglqj uxoh ri wkh irup K| ' q+
￿3k
| +k
|3￿ lv iroorzhg zlwk q
vdwlvi|lqj q+Eq'7 K /d q gkfkrvhq vx!flhqwo| odujh1
715 Ghvwdelol}dwlrq
Sursrvlwlrq 5 ohdyhv vrph rshq txhvwlrqv1 Lw grhv qrw h{foxgh wkdw dovr iru k	f
+ru iru k 'fdqg -Ef  ,/ d vx!flhqwo| kljk q frxog lpso| ghwhuplqdf|/ ru wkdw
dovr odujh devroxwh ydoxhv ri d qhjdwlyh k frxog eh vwdelol}lqj iru fhuwdlq ydoxhv ri
q1 Wkh qh{w Sursrvlwlrq uxohv rxw wkhvh srvvlelolwlhv1 Qrwh wkdw lq Sursrvlwlrq 6
zh gr qrw dvvxph wkdw s￿E+Ef 	 1
Sursrvlwlrq 6 +Fuhdwlqj lqghwhuplqdf|,1
+l, Li q:f /w k h qs ￿E + E q  :  iru doo k/ zklfk duh qhjdwlyh dqg vx!flhqwo| odujh
lq devroxwh ydoxh/ dqg khqfh wkh vwhdg| vwdwh +Eq lv lqghwhuplqdwh dqg vwdwlrqdu|
vxqvsrw htxloleuld h{lvw1
+ll, Li k	f /w k h qs ￿E + E q  :  iru doo vx!flhqwo| odujh q/ dqg khqfh wkh vwhdg|
vwdwh +Eq lv lqghwhuplqdwh dqg vwdwlrqdu| vxqvsrw htxloleuld h{lvw1
+lll, Li k 'fdqg -Ef : 2nEf/w k h qs ￿E + E q  	  iru doo vx!flhqwo| odujh
q/ dqg khqfh wkh vwhdg| vwdwh +Eq lv lqghwhuplqdwh dqg erwk ghwhuplqlvwlf f|fohv
dqg vwdwlrqdu| vxqvsrw htxloleuld h{lvw1
716 Wudqvihuv wr wkh |rxqj
Wkh lqwxlwlyh h{sodqdwlrq lq Vxevhfwlrq 714 ri zk| d frxqwhuf|folfdo vshqglqj uxoh
lv +prvw, vwdelol}lqj hpskdvl}hv wkdw fxuuhqw oderu vxsso| lv lq xhqfhg e| ixwxuh
jryhuqphqw vshqglqj1 Wklv vxjjhvwv wkdw wkh dowhuqdwlyh fdvh/ zkhuh wudqvihuv duh
doorfdwhg wr wkh |rxqj/ zrxog jlyh glhuhqw uhvxowv zlwk uhvshfw wr +prvw, vwdelol}lqj
srolflhv1 Wklv lv lqghhg wuxh1
53Wkh dowhuqdwlyh dvvxpswlrq jlyhv ulvh wr wkh iroorzlqj wzr0glphqvlrqdo/ shuihfw













Wklv v|vwhp kdv qr suhghwhuplqhg yduldeoh +erwk +| dqg | zloo mxps lq uhdfwlrq
wr d vkliw lq wkh h{shfwdwlrq +|n￿,1 D vwhdg| vwdwh lv wkh vdph dv ehiruh= rxwsxw
+Eq lv jlyhq e| +8,/ wkh vshqglqj vkduh lv Eq'q / dqg Sursrvlwlrq 4 krogv1
Olqhdul}lqj wkh v|vwhp durxqg wkh vwhdg| vwdwh E+Eqcq/ dqg lvrodwlqj _+|n￿ dqg

































Z hs u r f h h ge |dv w d q g d u gd q d o | v l ve d v h gr qw k ho l q h d u l } h gv | v w h p 1 45 Wkh wudfh dqg
















dqg khqfh/ iru wkh fkdudfwhulvwlf sro|qrpldo 'Eb  b





44Zlwk wudqvihuv jrlqj wr wkh |rxqj/ wkh lqwhuwhpsrudo exgjhw frqvwudlqw ri d frqvxphu lv fw.4 @
+4 ￿ ￿w,+z w@sw.4,qw .+ s w@sw.4,ew/ dqg wkh ￿uvw rughu frqglwlrq iru wkh frqvxphu*v rswlpl}dwlrq
lv y3+4 ￿ qw,@H w x 3+ f w .4,+4￿￿w,+z w@sw.4,1 Lqvhuwlqj wkh h{suhvvlrq iru +4 ￿ ￿w,+z w@sw.4,
lvrodwhg iurp wkh ￿uvw/ lqwr wkh vhfrqg/ dqg xvlqj qw @ |w @ fw hwf1 jlyhv= |wy3+4 ￿ |w,@
H w ^ | w .4 ￿+sw@sw.4,ew+|w>| w￿4,‘x3+|w.4,1 Xqghu d edodqfhg exgjhw wkh vwrfn ri prqh| lv frqvwdqw/
vr |w @ P@sw iru doo w/ dqg wkhq sw@sw.4 @ |w.4@|w1 Lqvhuwlqj wklv/ zulwlqj ￿w iru ew+|w>| w￿4,@|w/
dqg xvlqj wkh srolf| uxoh ￿w @ ew+|w>| w￿4,@|w @ ￿+|w@|w￿4,￿￿ jlyhv wkh vwdwhg v|vwhp1











Dvvxph/ dv lq Sursrvlwlrq 5/ wkdw s￿E+Ef 	 1 Iurp +43, wklv lpsolhv -E+Ef :
2nE + Ef/ dqg wkhq/ iru doo vx!flhqwo| vpdoo q/ -E+Eq  2  E+Eq : f/d o v r
lpso|lqj   -E+Eq 	 f1 Lw iroorzv wkdw iru doo vx!flhqwo| vpdoo q dqg srvlwlyh
k/r q hk d vw k d w' E/ 'E/d q g(duh doo vwulfwo| srvlwlyh1 Ixuwkhu/ lqfuhdvlqj k
zloo hyhqwxdoo| pdnh ( odujhu wkdq rqh1 Khqfh wkh vwhdg| vwdwh ehfrphv d vrxufh
+wkh Mdfreldq kdv wzr hljhq ydoxhv zlwk prglol odujhu wkdq rqh,/ vr iru dq| vpdoo q/
d srvlwlyh dqg vx!flhqwo| odujh k zloo lpso| orfdo ghwhuplqdf|/ d uhvxow vhhplqjo|
v l p l o d uw rw k d wl qS u r s r v l w l r q5 /+ l , 1 46
Krzhyhu/ orfdo ghwhuplqdf| grhv qrw vx!fh iru wkh qrq0h{lvwhqfh ri hqgrjhqrxv
 xfwxdwlrqv1 Lq wkh wzr0glphqvlrqdo fdvh d ghwhuplqlvwlf f|foh pd| dulvh e| d vr0
fdoohg Krsi elixufdwlrq1 Vwloo xqghu wkh deryh dvvxpswlrqv/ lpso|lqj wkdw 'E/
'E/d q g(duh vwulfwo| srvlwlyh iru k vwulfwo| srvlwlyh/ zkhq k lv h{dfwo| htxdo
wr 	 k  E  qE  -E+Eq*q : f/w k hg h w h u p l q d q w(lv rqh +wkh Mdfreldq
kdv wzr frpsoh{ hljhq ydoxhv erwk zlwk prgxoxv rqh,/ dqg hlwkhu iru k +d olwwoh,
v p d o o h uw k d qr uo d u j h uw k d q	 k / txdvl shulrglf ru shulrglf ghwhuplqlvwlf ruelwv h{lvw1
Khqfh/ zlwk wudqvihuv doorfdwhg wr wkh |rxqj lw lv qr orqjhu wuxh wkdw d vx!flhqwo|
frxqwhuf|folfdo uxoh iru jryhuqphqw vshqglqj zloo vwdelol}h dw vwhdg| vwdwh iru d
vpdoo ghjuhh ri glvwruwlrq ri wkh vwhdg| vwdwh1
Wkh uhvxowv ri wklv vxevhfwlrq kljkoljkwv wkh lpsruwdqfh ri wkh joredo qdwxuh ri
wkh dqdo|vlv iru wkh pdlq fdvh +wudqvihuv wr wkh rog,/ dqg ri wkh wlplqj +zkhwkhu
fxuuhqw oderu vxsso| lv prvw lq xhqfhg e| fxuuhqw ru ixwxuh jryhuqphqw vshqglqj,
iru wkh dssursuldwhqhvv ri d vshflf f|folfdolw| lq vwdelol}dwlrq srolf|1
46Qrwklqj vlplodu fdq eh rewdlqhg e| d qhjdwlyh ￿1 Lqghhg/ xqghu wkh vdph dvvxpswlrqv/ d
qhjdwlyh ￿ zloo lpso| lqghwhuplqdf| +uhdo hljhq ydoxhv dqg dw ohdvw rqh ehwzhhq }hur dqg rqh/
zklfk vx!fhv iru lqghwhuplqdf| vlqfh wkhuh lv qr suhghwhuplqhg yduldeoh,1
558F r q f o x g l q j U h p d u n v
Zh kdyh frqvlghuhg d prqhwdu| ryhuodsslqj jhqhudwlrqv hfrqrp| dqg vfdo srolf|
uxohv zkhuh wkh vkduh ri jryhuqphqw vshqglqj ghshqgv rq wkh udwh ri fkdqjh lq
JQS1 Zh irxqg wkdw d vfdo srolf| uxoh dffruglqj wr zklfk jryhuqphqw vshqglqj
lv vx!flhqwo| frxqwhuf|folfdo lv deoh wr vwdelol}h hfrqrplf dfwlylw| zlwk uhvshfw
wr hqgrjhqrxv  xfwxdwlrqv iru dq duelwudulo| vpdoo ghjuhh ri glvwruwlrq1 Ixuwkhu/ d
vx!flhqwo| surf|folfdo vshqglqj uxoh zloo fuhdwh lqghwhuplqdf|1
Wkh htxloleulxp g|qdplfv ri wkh frqvlghuhg prgho zdv vxppdul}hg e| d rqh0
glphqvlrqdo g|qdplf v|vwhp1 Wklv doorzhg xv wr hvwdeolvk joredo uhvxowv zlwk uhvshfw
wr vwdelol}dwlrq1
Lq rxu looxvwudwlyh prgho wkh phfkdqlvp iru wkh hphujhqfh ri udwlrqdo h{shf0
wdwlrqv hqgrjhqrxv  xfwxdwlrqv xqghu odlvvh} idluh lv wkh wudglwlrqdo rqh ri vwurqj
zhdowk hhfwv lq lqwhuwhpsrudo fkrlfh zklfk hqvxuh d vx!flhqwo| qhjdwlyho| vorshg
+lqglylgxdo, oderu vxsso| fxuyh1 Krzhyhu/ wklv ihdwxuh lv qrw uhvsrqvleoh iru wkh
vwdelol}lqj hhfw ri frxqwhuf|folfdo srolf| uxohv1 Wkh whqghqf| ri d jurzwk sxq0
lvklqj srolf| wr vprrwk rxwsxw ryhu wlph lv edvlfdoo| gxh wr oderu vxsso| ehlqj
pruh vhqvlwlyh wr fkdqjhv lq oxps vxp wudqvihuv +ru sxeolf frqvxpswlrq, wkdq wr
fkdqjhv lq wkh uhdo zdjh udwh dqg wr wkh prqhwdu| vwuxfwxuh ri wkh frqvlghuhg prgho1
Rxu uhvxowv duh lq frqwudvw zlwk uhvxowv lq vhyhudo ri wkh prvw uhfhqw sdshuv
rq vwdelol}dwlrq zlwk uhvshfw wr hqgrjhqrxv  xfwxdwlrqv zkhuh surf|folfdolw| +lq
wkh wudglwlrqdo vhqvh, ri jryhuqphqw vshqglqj dqg lpsolhg wd{dwlrq lv xvxdoo| ghvlu0
deoh wr dfklhyh ghwhuplqdf|/ ru zkhuh frxqwhuf|folfdolw| pd| ohdg wr lqghwhuplqdf|1
Wkhvh rwkhu sdshuv vwxg| uhdo +exvlqhvv f|foh, prghov dqg riwhq uho| rq wkh h{lvwhqfh
ri h{whuqdolwlhv lq surgxfwlrq/ ru vlplodu phfkdqlvpv/ dv wkh vrxufh ri lqghwhuplqdf|
xqghu odlvvh} idluh1
56Wkh f|folfdolw| ri srolf| uxohv prvw dssursuldwh iru vwdelol}dwlrq ri hqgrjhqrxv
 xfwxdwlrqv wkxv vhhpv wr ghshqg rq wkh vshflf prgho vwxglhg dqg/ lq sduwlf0
xodu/ rq wkh h{dfw phfkdqlvp uhvsrqvleoh iru wkh hphujhqfh ri hqgrjhqrxv  xf0
wxdwlrqv1 Rq wkhvh jurxqgv uhfrpphqgdwlrqv srlqwlqj wrzdugv surf|folfdo +ru
frxqwhuf|folfdo, srolf| uxohv iru jryhuqphqw vshqglqj dqg wd{dwlrq vkrxog eh
wdnhq zlwk fdxwlrq1 D wudglwlrqdo +Nh|qhvldq, whqghqf| ri jryhuqphqwv wr uhdfw
qhjdwlyho| wr udslg hfrqrplf h{sdqvlrq pd| eh zhoo prwlydwhg/ hyhq lq wkh devhqfh
ri sulfh uljlglwlhv1
57DS u r r i v
S u r r ir iS u r s r v l w l r q5 1Iluvw qrwh wkdw lq Sursrvlwlrq 5/ zh frqvlghu rqo| k  f1
Lw wkhuhiruh iroorzv iurp Sursrvlwlrq E ri Dsshqgl{ E/ wkdw joredo vwdelolw| ri +Eq
dffruglqj wr s +joredo ghwhuplqdf|,/ zklfk lv hvwdeolvkhg lq wklv surri dqg zklfk
reylrxvo| holplqdwhv doo f|fohv/ dovr holplqdwhv doo VVH1
+l, Zh duh jrlqj wr vkrz wkdw rqh fdq xvh kWEq'
￿ 3 q
q 4@ %Mdfc￿oE-E%  1
Khuh kWEq : f/ ehfdxvh lw iroorzv iurp s￿E+Ef 	  dqg +43,/ wkdw -E+Ef : /
dqg f 	+ Ef 	 1

















- E % 
- E % nk
 +44,
D fulwlfdo srlqw E%Scs E % S lv ehorz wkh 78￿0ghjuhh olqh li sE%S*%S 	 / zklfk kdv
wr eh ixooohg li %S  /v l q f hs E % 	iru doo %1 Wkh ghqrplqdwru deryh lv vwulfwo|




E - E %
S +45,
Qrz/ li k:k WE q  / wkhq lq sduwlfxodu +45, lv ixooohg iru dq| fulwlfdo srlqw %S 	 /
lpso|lqj wkdw sE%S*%S 	 1 Wklv suryhv wkh uvw vwdwhphqw ri Sursrvlwlrq 5/ +l,1
Iru wkh vhfrqg vwdwhphqw zh xvh wkdw lw lv qhfhvvdu| iru ghwhuplqdf| wkdw  
s￿E+Eq  1 Iurp +43, rqh vhhv wkdw li wkh ghqrplqdwru ri s￿E+Eq lv qhjdwlyh
+zklfk lw fdq eh iru k	f ,/ wkhq s￿E+Eq : 1 Vr/ wr h{foxgh s￿E+Eq : /r q h
pxvw vhw k vxfk wkdw wkh ghqrplqdwru lv srvlwlyh +iru zklfk k  f vx!fhv,1 Rq
wkh rwkhu kdqg/ iru vxfk dq k/ wkh qhfhvvdu| frqglwlrq iru dyrlglqj lqghwhuplqdf|/







E - E + E q   E+Eq  2
58Iurp +43,/ s￿E+Ef 	  lpsolhv -E+EfE+Ef2 : f/ zklfk phdqv wkdw iru
doo vpdoo hqrxjk q/ wkh sduhqwkhvlv lq wkh h{suhvvlrq iru kWWEq lv srvlwlyh/ vr dq k
ixooolqj wkh lqhtxdolw| dovr ixoov k  f1 Ilqdoo|/ dv q jrhv wr }hur/ wkh uhtxluhg
kWWEq jrhv wr lqqlw| ehfdxvh wkh sduhqwkhvlv jrhv wr -E+Ef  E+Ef  2 : f/
dqg E  q*q jrhv wr lqqlw|1
+ll, Wkh joredo vwdelolw| ri +Eq lv djdlq hvwdeolvkhg e| vhqglqj doo fulwlfdo srlqwv
ehorz wkh 78￿0olqh1 Iru wklv wr lqghhg lpso| joredo vwdelolw| ri +Eq/ lw lv lpsruwdqw
wkdw s lv joredoo| zhoo0ghqhg +zklfk lw lv vlqfh k  f/ dqg wkdw sEf ' f1I r u
k:fwklv iroorzv dv deryh1 Iru k 'f /+ ; ,u h d g v+ | ￿E +|'E q  + | n￿￿E+|n￿1
Dv +|n￿ jrhv wr }hur/ vr zloo wkh uljkw kdqg vlgh li dqg rqo| li -Ef 	 147 Khqfh/
li -Ef 	 / rqh vwloo kdv sEf ' f/z k h u h d vl i- Ef :  rqh kdv sEf ' 1W k h
dvvxpswlrq -Ef 	  wkxv lpsolhv sEf ' f dovr zkhq k 'f 1
Zh zloo vkrz wkdw iru k:f / rqh fdq xvh q
WEk'4 @   % M dfc￿o
-E%￿3￿
-E%￿3￿nk/z k h u hr q h
pxvw kdyh f 	q
W E k 	 / vlqfh/ dv deryh/ -E+Ef : /d q gk:f 1 Iurp +44,/
vlqfh dw dq| fulwlfdo srlqw -E%S : / dqg vlqfh k:f /s E % S *%S 	  lv htxlydohqw
wr/
q:
- E % S
- E % Snk
c +46,
zklfk lv ixooohg iru doo fulwlfdo srlqwv zlwk %S   zkhq q:q
WE k  1Z k h q% S: /
rqh kdv sE%S*%S 	  iurp s	 1W k l vs u r y h vw k h u v wv w d w h p h q wl q+ l l , 1
Iru wkh vhfrqg vwdwhphqw vlpso| qrwh wkdw iru k 'f /w k hs h u i h f wi r u h v l j k w
g|qdplf +;, ehfrphv +|￿E+|'E q  + | n￿￿E+|n￿/v ri r uqjrlqj wr rqh wkh +|
wkdw vroyhv lw pxvw jr wr }hur iru dq| ydoxh ri +|n￿1 Wklv phdqv wkdw sE% lv sxoohg
grzq duelwudulo| forvh wr wkh %0d{lv1 Ixuwkhu/ iurp +<,/ zkhq k 'f /df u l w l f d o
srlqw lv jlyhq e| -E%'lqghshqghqwo| ri q1 Vr/ dv q lv lqfuhdvhg doo fulwlfdo
47Qrwh wkdw U+3, lv wkh hodvwlflw| phdvxuh ri krz idvw x3+|w.4, jrhv wr lq￿qlw| dv |w.4 jrhv wr
}hur1 Khqfh/ li U+3, ? 4/ wkh surgxfw |w.4x3+|w.4, jrhv wr }hur dv |w.4 jrhv wr }hur hwf1
59srlqwv E%ScsE% S pryh grzqzdugv dorqj wkh vdph ydoxh ri %S zlwk sE%S jhwwlqj
duelwudulo| forvh wr wkh %0d{lv/ vr hyhqwxdoo| doo fulwlfdo srlqwv jr ehorz wkh 78￿0olqh1
Surri ri Sursrvlwlrq 61 +l, Iru q:f /z k h qkehfrphv qhjdwlyh dqg vx!0
flhqwo| odujh qxphulfdoo|/ erwk wkh qxphudwru dqg wkh ghqrplqdwru lq +43, ehfrph
qhjdwlyh zlwk wkh qxphudwru qxphulfdoo| wkh odujhvw/ vr s￿E+Eq : 1
+ll, Zkhq k	f /r q hv h h vi u r p+ 4 3 , /w k d wd vqjrhv wr rqh/ s￿E+Eq jrhv wr
k*k ' 1 E qxphudwru dqg ghqrplqdwru ehfrph qhjdwlyh iru d odujh hqrxjk q/
exw wkh qxphudwru lv qxphulfdoo| wkh odujhvw/ vr s￿E+Eq jrhv wr rqh iurp deryh1
Khqfh/ iru doo vx!flhqwo| odujh q/r q hk d vs ￿ E + E q  : / phdqlqj wkdw wkh vwhdg|
vwdwh lv lqghwhuplqdwh dqg dq VVH h{lvwv1
+lll, Djdlq iurp +43,/ li k 'f /w k hv o r s hr isdw vwhdg| vwdwh lv s￿E+Eq '
￿3-E+Eq￿￿
￿n￿E+Eq￿￿1D vqjrhv wr rqh/ +Eq jrhv wr }hur +Sursrvlwlrq 4,/ dqg khqfh s￿E+Eq
jrhv wr
￿3-Ef￿
￿n￿Ef￿/ zklfk lv ohvv wkdq 04 h{dfwo| ehfdxvh -Ef : 2nEf1L i*4q<￿ s￿E+Eq 	
/ wkhq iurp frqwlqxlw| dovr s￿E+Eq 	  iru doo odujh hqrxjk q1 Khqfh +Eq
lv lqghwhuplqdwh/ zklfk vx!fhv iru wkh h{lvwhqfh ri VVH forvh wr lw1 Zkhq s lv
joredoo| zhoo0ghqhg dqg nqrzq wr vwd| ehorz d fhlolqj/ sE% 	  iru doo %/w k h q
s ￿E + E q  	  dovr vx!fhv iru wkh h{lvwhqfh ri ghwhuplqlvwlf f|fohv1
E Frqglwlrqv iru wkh H{lvwhqfh ri VVH wr Lpso|
wkh H{lvwhqfh ri Ghwhuplqlvwlf F|fohv
Lqvhuwlqj wkh vshflf irup +6, ri srolf| uxohv lqwr wkh htxdwlrqv +:, wkdw d VVH pxvw
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^￿￿2E+￿c+ ￿iru  ' cco +47,
Wkh edfnzdug shuihfw iruhvljkw g|qdplf sE% lv wkhq jlyhq lpsolflwo| +dv wkh vroxwlrq
lq 5,e | ￿E 5' 2E 5c%1 Xqghu wkh dvvxpswlrqv pdgh lq wklv sdshu/ ￿E+￿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